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PREFACE 
Methodologically, the IIASA research program on Regional 
Development reflects the general attitude of the majority of 
regional scientists. Among other things, this means that the 
models developed deal with discrete sets of regions or loca- 
tions. For specific planning purposes, this approach is extre- 
mely efficient, due to computational advantages. On the other 
hand, systematic information about regional structures, of the 
geometric flavor associated with classical location theory, is 
hard to obtain if one discretizes space from the outset. 
To complement this main stream of regional analysis, two 
scientists currently trying to revive continuous modeling of 
the space economy, Martin J. Beckamnn and Tdnu Puu, were invi- 
ted to IIASA in September 1979. They started writing a compre- 
hensive monograph intended to present the state-of-the-art in 
the field of continuous regional modeling. The completion of 
such an extensive work was not possible in the brief period of 
three weeks. 
The authors currently continued to work on the project. 
The present paper by Tdnu Puu is one chapter of the forthcoming 
monograph, and it was finished during his renewed visit to IIASA 
in April 1982. 
It deals with planning models for the allocation of avail- 
able labor and capital resources within a continuous two-dimen- 
sional space economy. The main results of the paper concern the 
advantages of specialization and trade, in the absence of even 
comparative advantages or localized input supplies. So, the 
usual conditions for trade, as developed in general (spaceless) 
economic theory, are not needed, as specialization and trade 
seem to develop from the nature of bounded two-dimensional 
space itself. 
Moreover, the close parallel between the planning and 
competitive equilibrium solutions is brought out. 
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LONG-RUN PLANNING FOR CAPITAL AND LABOUR 
ALLOCATION I N  SPACE 
I n t r o d u c t i o n  
The model presented he re  i s  designed t o  handle t h e  f o l l o w i n g  p l a n n i n g  
problem. We dea l  w i t h  a  geograph ica l  r e g i o n  of g i ven  shape and g i ven  
ex tens ion .  Considered i s  a  number of d i f f e r e n t  p r o d u c t i v e  a c t i v i t i e s ,  
represen ted  b y  l i n e a r l y  homogeneous p r o d u c t i o n  f unc t i ons ,  a l l o w i n g  
smooth s u b s t i t u t i o n  among i n p u t s .  I n  o rde r  t o  emphasize t h e  advantages 
o f  geograph ica l  s p e c i a l i z a t i o n ,  even i n  t h e  absence o f  l o c a l i z e d  i n p u t  
supp l i es ,  we assume t h e  same p r o d u c t i o n  f unc t i ons  t o  app l y  a t  a l l  
l o c a t i o n s .  
There i s  a  l o c a l  u t i l i t y  f u n c t i o n ,  dependent on t h e  q u a n t i t i e s  o f  p ro -  
duced goods a v a i l a b l e  f o r  consumption, and t h e  goa l  i s  t o  maximize t h e  
t o t a l  u t i l i t y  ob ta i ned  b y  aggrega t ion  w i t h  r e s p e c t  t o  a l l  l o c a t i o n s .  
The means by  which we o b t a i n  t h e  maximum are  t h e  p roper  d i s t r i b u t i o n s  
o f  g i ven  aggregates o f  c a p i t a l  and l abou r  among l o c a t i o n s  and among 
p r o d u c t i v e  a c t i v i t i e s .  The t h i r d  c l a s s i c a l  i npu t ,  land, i s  immobi le 
and hence we o n l y  cons ide r  t h e  d i v i s i o n  of l a n d  between v a r i o u s  a c t i -  
v i t i e s  a t  each l o c a t i o n .  
Loca l  consumption may d i f f e r  f r om l o c a l  p r o d u c t i o n  f o r , a n y  good and 
hence we need t o  s p e c i f y  commodity f lows and a  p r o d u c t i o n  of t r a n s p o r -  
t a t i o n  se rv i ces .  T r a n s p o r t a t i o n ,  of course, a l s o  uses up i n p u t s .  More 
s p e c i f i c a l l y ,  we assume t h a t  t r a n s p o r t a t i o n  serv ices ,  be ing  o f  a  v e r y  
s p e c i f i c  type,  a re  produced b y  a  L e o n t i e f  techno logy  w i t h o u t  s u b s t i t u -  
t i o n  and t h a t  o n l y  c a p i t a l  and labour ,  b u t  n o t  1  and a re  used. 
T h i s  i s  f a i r l y  r e a l i s t i c  i f  we cons ide r  t h e  t r a n s p o r t a t i o n  c o s t s  i n  
t e rm  o f  wear o f  veh i c l es ,  f u e l  and d r i v e r s '  se rv i ces .  The i n p u t s  
embodied i n  t h e  e x i s t i n g  network o f  roads a re  n o t  taken  i n t o  e x p l i c i t  
c o n s i d e r a t i o n ,  as t h e  p l a n n i n g  o f  a  new network has an even more 
long-run cha rac te r  than  t h e  p l ann ing  o f  an o p t i m a l  s p a t i a l  d i s t r i b u -  
t i o n  o f  p roduc t i on  a c t i v i t i e s .  
It should be s t r essed  t h a t  hous ing i s  i nc l uded  i n  t h e  p r o d u c t i v e  a c t i -  
v i t i e s  cons idered.  A  f l o w  o f  housing, which migh t  seem t o  l ack  sense, 
s imp l y  means t h a t  workers  l i v e  a t  o t h e r  l o c a t i o n s  than  t hose  o f  t h e i r  
occupat ion.  whether t h e  commodit ies are p h y s i c a l  l y  moved t o  t h e  con- 
sumer o r  t h e  consumer moves i n  o r d e r  t o  consume housing o r  p u b l i c  
se rv i ces  i s  of no importance. We can e i t h e r  cons ide r  a  movement o f  
consumers o r  a  movement of s e r v i c e s  p rov ided  t h a t  we account c o r r e c t l y  
f o r  t h e  cos t s .  
The main outcome of t h e  a n a l y s i s  i s  a  p r i n c i p l e  of geograph ica l  spe- 
c i a l i z a t i o n  i n  c o n t r a s t  t o  t h e  p o s s i b i l i t y  o f  p roduc ing  e v e r y t h i n g  l o -  
c a l l y  w i t h o u t  any i n t e r r e g i o n a l  t r ade .  T h i s  s p e c i a l i z a t i o n  occurs  i n  
t h e  absence o f  even comparat ive advantages, as t h e  same p r o d u c t i v e  
p o s s i b i l i t i e s  a re  a v a i l a b l e  everywhere. 
Noteworthy i s  t h a t  t h e  main conc lus ions  a re  independent o f  which u t i -  
1  i t y  f u n c t i o n  we p o s t u l a t e .  
The mathemat ica l  paradigm i s  t h a t  of a con t inuous  two-d imensionsal  
space where we cons ider1  a rea l  d e n s i t i e s  of consumption, p r o d u c t i o n  and 
i n p u t s .  For land, these  a r e a l  d e n s i t i e s ,  of course, are f r a c t i o n s  t h a t  
a t  any l o c a t i o n  add up t o  a  g i ven  cons tan t ,  a t  most u n i t y  f o r  a l l  
space-consuming a c t i v i t i e s .  A1 1  t hese  a r e a l  d e n s i t i e s  a re  assumed t o  
be smooth f u n c t i o n s  o f  t h e  space co-o rd ina tes .  
I n  t h e  same way t h e  f lows of goods a re  regarded as con t inuous  f lows i n  
t h e  p l  ane. They t a k e  pa ths  t h a t  m in im ize  t r a n s p o r t  a t  i o n  c o s t s  between 
any p a i r  o f  l o c a t i o n s .  The s t r u c t u r e  o f  roads i s  represen ted  by a  
locat ion-dependent ,  b u t  d i r ec t i on - i ndependen t ,  need o f  c a p i t a l  and 
labour ,  and t r a n s p o r t a t i o n  c o s t  i s  t h e  l i n e  i n t e g r a l  o f  t h e  c o s t s  f o r  
i n p u t s  a t  a l l  t h e  l o c a t i o n s  t r a v e r s e d  by  t h e  r o u t e .  The o p t i m a l  pa ths  
a re  t hus  ob ta i ned  by  s o l u t i o n s  t o  Eu le r  equa t ions  f o r  w e l l - d e f i n e d  
v a r i a t i o n a l  problems. 
The con t inuous  f l o w  concept a l so  means t h a t  knowing t h e  op t ima l  f l ow  
d i r e c t i o n s  we can t i e  t h e  l o c a l  changes o f  f l o w  volumes t o  t h e  l o c a l  
excess supp l i es .  
The Model 
Le t  xl ,x2 denote t h e  space co-o rd ina tes .  We deal  w i t h  a  r e g i o n  A o f  
two-dimensional  Euc l  idean space, bounded by a  s imp le  smooth cu rve  a A .  
Unless t h e  c o n t r a r y  i s  s ta ted ,  a l l  t h e  v a r i a b l e s  i n t r oduced  are func-  
t i o n s  o f  xl,x2. Sur face  i n t e g r a l s  are taken  over  a l l  o f  A  and curve  
i n t e g r a l s  a long t h e  boundary aA, again un less  t h e  c o n t r a r y  i s  s t a t e d .  
We deal  w i t h  n  d i f f e r e n t  commodit ies (goods o r  se rv i ces ,  i n c l u d i n g  
housing, b u t  n o t  t r a n s p o r t a t  i o n ) .  I f  t h e  q u a n t i t i e s  o f  these  commodi- 
t i e s  a v a i l a b l e  f o r  consumption a t  a  g i ven  l o c a t i o n  xl,x2 a re  
ql ,. . . ,qn then  t h e  l o c a l  u t i l i t y  i s  U(ql,. . . ,qn, x1 ,x2)  and t h e  
t o t a l  u t i l i t y  t o  be maximized i s  
The e x p l i c i t  i n c l u s i o n  o f  t h e  space co -o rd ina tes  makes it p o s s i b l e  t o  
p u t  d i f f e r e n t  we igh ts  on consumption i n  v a r i o u s  l o c a t i o n s .  
For t h e  purpose of e x e m p l i f i c a t i o n  we s imp l y  d e l e t e  these  xl ,x, and 
p u t  t h e  u t i l i t y  f u n c t i o n  i n t o  t h e  fo rm zc i I nq i .  Unless t h e  c o n t r a -  
r y  i s  s t a t e d  a1 1  summat i o n s  r u n  over  i = l ,  . . . ,n. 
L e t  k i , l i , m i  denote t h e  a r e a l  d e n s i t i e s  o f  c a p i t a l ,  l abou r  and 
l a n d  used i n  t h e  i : t h  p r o d u c t i v e  process a t  a  g iven  l o c a t i o n  xl ,x2. 
The l i n e a r l y  homogeneous p r o d u c t i o n  f u n c t i o n s  a re  then  
Unless t h e  c o n t r a r y  i s  s t a t e d  express ions  w r i t t e n  f o r  some index i a r e  
assumed t o  h o l d  f o r  a l l  i = l , .  . .n. As t h e  space co -o rd ina tes  a re  n o t  
e x p l i c i t l y  i nc l uded  we assume t h a t  t h e  same p r o d u c t i o n  p o s s i b i l i t i e s  
i a i  B i  Y i  
are  open everywhere. For exempl i f  i c a t i o n  we p u t  f = Ai ki Ii m where i 
t h e  exponents sum up t o  u n i t y .  
Local excess supplies are 
These excess supplies must enter the commodity flows or, if negative, 
be withdrawn from them. 'We denote the commodity flows by 4i. These 
flows are vector fields, i e 4i are two-dimensional vectors with the 
components being functions of the space co-ordinates XI ,x2. A vector 
field, of course, has both direction and magnitude. The direction is 
simply the actual direction of the flow considered and the magnitude 
is the quantity of commodities shipped in the flow. 
Due to one of the basic theorems in vector analysis, Gauss's diver- 
gence theorem, the divergence of a vector field represents source den- 
sity of an incompressible flow such as the transportation of commodi- 
ties. The source density, of course, is the local excess supply and we 
may hence write, in view of (3), 
i div + i  = f (ki,li,mi) - qi 
As mathematically the divergence of a vector field equals the partial 
derivative of its first component with respect to the first space co- 
ordinate plus the partial derivative of its second component with 
respect to the second space co-ordinate, (4) are part i a1 differential 
equations for the magnitudes of the vectors as soon as the flow 
directions +i/I+i 1 and the excess supplies in the right hand sides 
are known. We will return to the determination of the flow directions. 
As stated in the introduction, the transportation of goods uses up 
capital and labour inputs, say r j  1 and A i  I+ 1 respectively. 
The K i  and xi are given functions of the space coordinates and 
reflect the structure of fixed transportation capacity provided by the 
existing road network. The linear dependence on flow magnitudes means 
that we presently abstract from congestion. This simplifies analysis a 
lot. A non-linear dependence on I+iJ is not difficult to handle, but 
the interference of the different flows makes the degree of analytical 
complication grow disproportionately to the increase in realism. 
I f  t h e r e  a re  g i ven  aggregate resources  o f  c a p i t a l  and labour ,  denoted 
K and L, we a r r i v e  a t  t h e  f o l l o w i n g  c o n s t r a i n t s :  
P roduc t i on  uses up k i  u n i t s  o f  c a p i t a l  and li u n i t s  of l abour  and 
t r a n s p o r t a t i o n  uses ~ i l # i (  u n i t s  o f  c a p i t a l  and ~ ~ ( ( ~ 1  u n i t s  
o f  l abour .  Summing over  a1 1  commodit ies and i n t e g r a t i n g  over  a1 1  l oca -  
t i o n s  y i e l d s  t h e  t o t a l  usage o f  these  i n p u t s .  
As ment ioned i n  t h e  i n t r o d u c t i o n  we assume t h a t  we a re  comp le te l y  f r e e  
t o  p l a n  t o  move c a p i t a l  and labour  between l o c a t i o n s  and between a c t i -  
v i t i e s .  
As f o r  l and  it may o n l y  be t r a n s f e r r e d  between a c t i v i t i e s .  So 
where m  i s  a  p o s i t i v e ,  a t  most u n i t a r y ,  l oca t ion -dependent  number. In 
genera l  i t  i s  l e s s  t han  u n i t y ,  as some space has a l r e a d y  been used up 
i n  c o n s t r u c t i n g  t h e  g i ven  f i x e d  t r a n s p o r t a t i o n  c a p a c i t y  o r  i s  o t h e r -  
w ise  no t  a v a i l a b l e  f o r  f u r t h e r  e x p l o i t a t i o n .  
We t h u s  have a  we l l - de f i ned  o p t i m i z a t i o n  problem, i e  t o  maximize (1) 
s u b j e c t  t o  t h e  c o n s t r a i n t s  ( 4 ) ,  (5), ( 6 )  and ( 7 )  b y  choos ing  t h e  
a p p r o p r i a t e  s c a l a r  f i e l d s  k i ,  Ii, mi and q i  and t h e  v e c t o r  
f i e l d s  @i* 
T h i s  w i  11 be accompl i shed  by  a  Lagrangean method. We a s s o c i a t e  
Lagrange m u l t i p l i e r s :  p i  w i t h  ( 4 ) ,  r w i t h  (5), w w i t h  ( 6 )  and g  w i t h  
( 7 ) .  A t  p resen t  t h e y  a re  o n l y  undetermined m u l t i p l i e r s ,  b u t  t h e  no ta -  
t i o n  i n d i c a t e s  t h a t  t h e y  t u r n  ou t  t o  be shadow p r i c e s  f o r  goods, r e n t  
o f  c a p i t a l ,  wage r a t e  and l and  r e n t  r e s p e c t i v e l y .  They can a l s o  be 
i n t e r p r e t e d  as e q u i l i b r i u m  p r i c e s  i n  a  c o m p e t i t i v e  system w i t h  i n d i v i -  
d u a l l y  o p t  i m i z i n g  agents.  
Optimum f o r  Produc t  i o n  
We w i l l  now d e r i v e  t h e  optimum c o n d i t i o n s ,  s t a r t i n g  w i t h  t hose  o b t a i n -  
ed by max im iz ing  w i t h  r e s p e c t  t o  k i ,  li and m i .  They o b v i o u s l y  
are:  
and 
i Pi fm(ki,li ,mi = g  
We r ecogn i ze  them as t h e  common marg ina l  c o n d i t i o n s  f o r  p r o f i t  maxi -  
m i z i n g  f i r m s .  Wi th  p r o d u c t i o n  f unc t i ons ,  homogeneous of degree one, 
i i t h e  ma rg ina l  p r o d u c t i v i t y  f u n c t i o n s ,  fk f o r  c a p i t a l ,  fl f o r  l abour ,  
and f l  f o r  land, become homogeneous o f  degree zero.  So, t a k i n g  t h e  
f i r s t  two marg ina l  c o n d i t i o n s  a lone  we ge t  t h e  system: 
and 
T h i s  system (11)  - ( 12 )  c e r t a i n l y  i s  smooth ly  i n v e r t i b l e  as t h e  
Jacobian i n  non-zero due t o  second-order c o n d i t i o n s  f o r  p r o f i t  maximi- 
z a t i o n .  So, by  t h e  i n v e r s e  f u n c t i o n  theorem, we ge t  
and 
As (10)  can be p u t  i n t o  t h e  form 
we o b t a i n ,  b y  s u b s t i t u t i n g  f rom (13 )  and (14)  
which l i n k s  p roduc t  p r i c e  t o  t h e  t h r e e  i n p u t  p r i c e s .  
The conc lus i on  i s  t h a t ,  i f  c a p i t a l  r e n t ,  wages, and l and  r e n t  a re  
g iven,  (16)  determines t h e  p r i c e s  o f  a l l  produced goods a t  a l l  l o ca -  
t i o n s ,  p rov i ded  t h a t  p r o d u c t i o n  i s  t o  t a k e  p l ace .  Th i s  i s  an impo r tan t  
conc lus i on  t o  be used l a t e r  on. 
The equ i va l ence  o f  t h e  optimum c o n d i t i o n s  p resen ted  and t h e  p r o f i t -  
max im iz ing  c o n d i t i o n s  f o r  an i n d i v i d u a l  f i r m  a t  a  g i ven  l o c a t i o n  a re  
obv ious f r om t h e  f o l l o w i n g  c o n s i d e r a t i o n s .  
Say t h a t  a  f i r m  has t o  maximize i t s  p r o f i t s  b y  choos ing an a p p r o p r i -  
a t e  mix  o f  p r o d u c t i v e  a c t i v i t i e s .  C a p i t a l  and labour  s e r v i c e s  a re  
f r e e l y  a v a i l a b l e  a t  t h e  l o c a l  p r i c e s  r and w, whereas t h e  f i r m  owns a  
f i x e d  amount o f  l and  m  a v a i l a b l e  f o r  a l l  i t s  a c t i v i t i e s .  For c a p i t a l  
and labour  t h e  optimum c o n d i t i o n s  a t  g i ven  p roduc t  p r i c e s  p i  a re  
( 8 ) - ( 9 )  o r  e q u i v a l e n t l y  ( 1 1 ) - ( 1 2 ) .  We can t hen  i n v e r t  t h e  system t o  
o b t a i n  ( 13 ) - ( 14 ) .  
S u b s t i t u t i n g  ( 1 3 ) - ( 1 4 )  i n t o  t h e  p r o d u c t i o n  f u n c t i o n  and u s i n g  ( 2 )  we 
g e t  t h e  p r o f i t s  o f  t h e  f i r m  as 
T h i s  i s  t o  be maximized s u b j e c t  t o  t h e  c o n s t r a i n t  ( 7 )  on t h e  t o t a l  
q u a n t i t y  o f  l and  a v a i l a b l e .  In v iew of t h e  f a c t  t h a t  bo th  t h e  maximand 
and t h e  c o n s t r a i n t  are l i n e a r ,  t h e  s o l u t i o n  i s  t o  p u t  m i  = m  f o r  
t h a t  i which max imiz ies  
and m i  = 0 f o r  t h e  o t h e r  a c t i v i t i e s .  If severa l  a c t i v i t i e s  are t o  be 
p r o f i t a b l e  (18) must be. equal f o r  a1 1  these .  T h i s  common va lue  c o u l d  
be c a l l e d  g  which i s  hence t h e  p r o f i t s  imputed t o  t h e  land-owning 
f i r m s  as land  r e n t .  I f  a l l  a c t i v i t i e s  should t a k e  p l ace  we ge t  
f o r  a l l  i. 
I n  v iew o f  E u l e r ' s  theorem f o r  homogeneous f u n c t i o n s ,  
and us ing  (7), ( 11 ) - (12 ) ,  and (13 ) - (14 ) ,  we see t h a t  (19)  i s  e x a c t l y  
t h e  same as (16 ) .  T h i s  e s t a b l i s h e s  t h e  l o c a l  equ iva lence  o f  p r o f i t  
max imiza t ion  and o v e r a l l  p l ann ing .  
There, however, i s  an a d d i t i o n a l  i n f o r m a t i o n  t o  be ob ta ined  from t h e  
c o n d i t i o n s  ( 8 ) - ( 9 ) ,  namely, t h a t  i n  v iew o f  t h e  f a c t  t h a t  ( 5 ) - ( 6 )  a re  
i n t e g r a l  c o n s t r a i n t s ,  t h e  assoc ia ted  Lagrange m u l t i p l  i e r s  r and w are 
t o  be cons tan t  w i t h  r espec t  t o  t h e  space co -o rd ina tes .  Th i s  means t h a t  
t h e  e f f i c i e n c y  c o n d i t i o n s  f o r  a l l o c a t i n g  c a p i t a l  and labour  i n  space 
r e q u i r e  c a p i t a l  r e n t  and wage r a t e  t o  be cons tan t  w i t h  r espec t  t o  
l o c a t i o n .  
T h i s  i s  no t  t r u e  f o r  l and  r e n t ,  g, as i t i s  a  Lagrange m u l t i p l i e r  f o r  
t h e  c o n s t r a i n t  ( 7 )  which i s  l o c a l ,  i e  n o t  i n  i n t e g r a l  form. 
The conc lus i on  o f  a l l  t h i s  i s  t h a t  (16 )  de te rmines  a l l  t h e  p i  f o r  
which p r o d u c t i o n  i s  t o  t a k e  p lace ,  and t h a t  t h e  v a r i a t i o n s  o f  t h e  p ro -  
d u c t i o n  o p p o r t u n i t y  p r i c e s  i n  space a re  determined b y  t h e  v a r i a t i o n  o f  
l and  r e n t  alone, c a p i t a l  r e n t  and wages be ing  s p a t i a l l y  i n v a r i a n t  due 
t o  d i s t r i b u t i v e  e f f i c i e n c y  requ i rements .  
Optimum f o r  Flows 
We n e x t  t u r n  t o  t h e  optimum c o n d i t i o n s  f o r  t h e  commodity f l ows ,  i e, 
t o  t h e  max im iza t ion  o f  ( 1 )  w i t h  r espec t  t o  t h e  +i, g i v e n  t h e  con- 
s t r a i n t s  ( 4 ) - ( 7 ) .  The f l o w s  appear i n  two ways i n  t h e  c o n s t r a i n t s ,  
namely by  i n  ( 5 ) - ( 6 ) ,  and by  d i v  +i i n  ( 4 ) .  The Lagrange mul- 
t i p l i e r s  assoc ia ted  w i t h  t hese  c o n s t r a i n t s  a re  t h e  p i  and t h e  r and 
w. The optimum c o n d i t i o n s  expressed as E u l e r  equa t i ons  a re  
These c o n d i t i o n s  mean t h a t  t h e  f l o w  d i r e c t i o n s  (i/l+il agree w i t h  
t h e  d i r e c t i o n s ,  g rad  p i ,  of s t eepes t  i nc rease  o f  p i  and t h a t  a long 
t h e  f l ow  l i n e s  t h e  p i  i n c r e a s e  a t  a  r a t e  o f  ( rKi  + M i ) .  We r e -  
c a l l  t h a t  K i  and A i  were t h e  l o c a l  requ i rements  o f  c a p i t a l  and l a -  
bour  f o r  t r a n s p o r t a t i o n  o f  a  u n i t  o f  t h e  i : t h  commodity. A c c o r d i n g l y  
( r ~ i  + W X ~ )  i s  t h e  l o c a l  c o s t  f o r  t r a n s p o r t a t i o n .  As p i  were 
i n t e r p r e t e d  as p roduc t  p r i c e s ,  ( 21 )  s i m p l y  t e l l s  t h a t  each commodity 
f l o w  t akes  t h e  d i r e c t i o n  o f  t h e  s t eepes t  i nc rease  o f  i t s  p r i c e  and 
t h a t  i n  t h i s  d i r e c t  i o n  p r i c e s  i n c r e a s e  by  t r a n s p o r t  a t  i o n  c o s t .  T h i s  
makes good economic sense. 
From t h e  p r e v i o u s  s e c t i o n  we concluded t h a t  an e f f i c i e n t  d i s t r i b u t i o n  
o f  c a p i t a l  and l abou r  on t h e  r e g i o n  r e q u i r e s  c a p i t a l  r e n t  and wage 
r a t e  t o  be l oca t i on - i ndependen t .  I n  passing, we can n o t e  t h a t  t h i s  can 
be i n t e r p r e t e d  i n  market e q u i l i b r i u m  terms b y  say ing  t h a t  when c a p i t a l  
and labour  are f r e e  t o  move t h e y  seek t h e  p l a c e  o f  p r o d u c t i o n  where 
t h e  reward i s  t h e  h i g h e s t .  I n  t h e  absence o f  r e l o c a t i o n  c o s t s  t h i s  
equa l i zes  f a c t o r  p r i c e s  i n  space. 
The consequence o f  t h i s ,  and of t h e  f a c t  t h a t  K i  and X i  were g i ven  
f u n c t i o n s  o f  t h e  space co-o rd ina tes ,  i s  t h a t  t h e  inc reases  of p r i c e s  
a long t h e  op t ima l  r o u t e s  a re  g i ven  f u n c t i o n s  o f  t h e  space co -o rd i -  
na tes .  I n  f a c t ,  we o b t a i n  f rom (21)  
These are p a r t i a l  d i f f e r e n t i a l  equa t ions  f o r  t h e  p r i c e s  p i  w i t h  t h e  
r i g h t  hand s i des  g i ven  f u c n t i o n s  o f  t h e  space co-o rd ina tes .  
Specialization 
We are  now i n  t h e  p o s i t i o n  t o  p rove  a  genera l  s p e c i a l i z a t i o n  theorem. 
From (16)  we see t h a t  w i t h  r and w g iven ,  g  and p i  are r e l a t e d  b y  
con t inuous  one-to-one mappings as long  as t h e  Jacobians .of t h e  systems 
(11 ) - (12 )  a re  non-zero, which we assume accord ing  t o  t r a d i t i o n a l  eco- 
nomic t heo ry .  We c o u l d  w r i t e  (16)  as: 
From these, we o b v i o u s l y  ge t  l g r a d  pi( = p / ( g ) I g r a d  g ( .  
I n  (22) ,  t h e  r i g h t  hand s i des  a re  g i ven  f u n c t i o n s  o f  t h e  space co-  
o rd i na tes ,  say r K i  + w X i  = 0 ih ( x1 , x2 ) .  The 8 i  can be 
i n t e r p r e t e d  as c h a r a c t e r i s t i c  cons tan ts  f o r  each good. Th i s  i s  so 
because i t  i s  a  reasonable s i m p l i f i c a t i o n  t o  assume t h a t  i f  t h e  sh ipp -  
i n g  o f  one good c o s t s  t w i c e  as much as t h e  sh ipp ing  o f  another good a t  
one l o c a t i o n ,  t h e  t h e  same r e l a t i o n  w i l l  h o l d  everywhere i n  t h e  
r e g i o n .  
Hence, equa t ing  t h e  two express ions  f o r  l g r a d  p i  1 ,  we ge t :  
These c o n d i t i o n s  can h o l d  f o r  severa l  commodit ies, say t h e  i : t h  and 
t h e  j : t h ,  o n l y  i f  t h e  r a t i o s  p / (g ) / p ! ( g )  t a k e  t h e  cons tan t  va lue  Bi/B J j 
everywhere. But t h e r e  i s  no reason whatever why t h e  p j ( g )  f u n c t i o n s  
should be l i n e a r l y  dependent. A f t e r  a l l ,  t h e y  were ob ta i ned  f rom (16), 
which depended on t h e  v a r i o u s  independent p r o d u c t i o n  f u n c t i o n s .  
So, we conc lude t h a t  w i t h  goods t h a t  are t r a n s p o r t e d ,  o n l y  one commo- 
d i t y  w i l l  be produced i n  each p o i n t  of t h e  r e g i o n .  The c o n t i n u i t y  o f  
t h e  p r o d u c t i o n  f u n c t i o n  and a  non-zero Jacobian t o  system (11 ) - (12 )  
guarantee t h a t  t h i s  s p e c i a l i z a t i o n  w i l l  n o t  o n l y  app l y  t o  se t s  o f  
measure zero l i k e  i s o l a t e d  p o i n t s  o r  curves, b u t  w i l l  s p l i t  t h e  r e g i o n  
i n t o  a  f i n i t e  c o l l e c t i o n  o f  subregions o f  nonzero areas w i t h  spec'ia- 
l i z e d  a c t i v i t y  i n  each. The land  r e n t  i n  each of these  r e g i o n s  w i l l  be 
determined by  t h e  l o c a l  revenue shares f o r  these  s p e c i a l i z e d  a c t i v i -  
t i e s .  
The reader  should n o t e  t h e  a f f i n i t y  o f  ou r  conc lus ion  t o  v. Thunenls 
theory ,  where s p e c i a l i z a t i o n  i n  c o n c e n t r i c  r i n g s  occurs,  d e s p i t e  t h e  
f a c t  t h a t  t h e r e  a re  no l o c a l i z e d  p r o d u c t i v i t y  d i f f e r e n c e s .  I n  genera l  
economic theory ,  t r a d e  i s  supposed t o  occur  o n l y  when t h e r e  a re  a t  
l e a s t  comparat ive l o c a l i z e d  advantages, due t o  i m m o b i l i t y  o f  i n p u t s .  
I n  ou r  model t h e r e  a re  no such advantages. Never the less,  s p e c i a l i z a -  
t i o n  occurs.  The reason i s  t h a t  when t h e r e  a re  numerous ou tpu t s  u l t i -  
ma te l y  produced f rom a  few p r ima ry  i npu t s ,  then  ou tpu t  p r i c e s  a re  t i e d  
t o  t h e  few i n p u t  p r i c e s .  I n  o rde r  t h a t  p r o d u c t i o n  o f  a1 1  t h e  ou tpu t s  
should be e q u a l l y  p r o f i t a b l e ,  t h e i r  p r i c e s  must co -vary  s p a t i a l l y  i n  a  
v e r y  s p e c i f i c  way. On t h e  o t h e r  hand, t h e  p r i c e s  o f  t r a n s p o r t e d  goods 
co-vary  i n  another  s p e c i f i c  way. The r e s u l t  i s  a  s p e c i a l i z a t i o n  
p a t t e r n  t h a t  i s  i n h e r e n t  i n  two-dimensional  space i t s e l f .  I t  i s  n o t  
s u r p r i s i n g  then  t h a t  t h i s  p o i n t  i s  missed i n  t r a d e  t h e o r y  as genera l  
economics l acks  t h e  s p a t i a l  d imension. 
Independence of Utility Functions 
Before continuing we should just observe the fact that the optimality 
conditions for product ion and transpoitat ion are independent of the 
utility function (1). Hence, no matter how we evaluate the availabili- 
ty of the various commodities in different locations, the following 
conclusions apply: Labour and capital should seek the locations of 
best reward, which with free mobi lity equalizes capital rent and wages 
over space. Production should everywhere be so arranged as if land- 
owning firms tried to maximize their profits, which must equal local 
land rents. Commodity flows should take the directions in which prices 
increase most steeply, and the price increases in these directions 
should equal local transportation costs. The result is such that, if 
there are commodity flows, then there should be specialization in the 
production of only one commodity at each location. 
These conclusions resulted from the consideration of a planning prob- 
lem constrained by available resources. But the result could equally 
well be interpreted in terms of rationally behaving individual work- 
ers, capitalists, 1 andowning producers, and transporters in a state of 
general equilibrium. In particular, the conclusions are independent of 
which social utility function U(q1, ***,qn,xl,~2) we use. 
The only optimality conditions in which this function plays a role 
are: 
aU/aqi = pi (25 
stating that marginal utility should equal price everywhere. The con- 
ditions (25) pose a set of additional constraints on the model relat- 
ing local commodity prices to local consumption of goods. 
A similar result is obtained by considering the behaviour of individu- 
al consumers, disposing of their incomes so as to maximize their indi- 
vidual utility functions. The demand functions thus obtained are simi- 
lar in structure to the inverted system (25), but care should be taken 
t h a t  i n  t h e  p l ann ing  case, l o c a l  budget c o n s t r a i n t s  m igh t  no t  be auto- 
m a t i c a l l y  f u l f i l l e d .  So i f  we s t i l l  w ish t o  admit autonomy o f  t h e  
consumers we might  have t o  cons ide r  an i n t e r r e g i o n a l  income t r a n s f e r  
p o l i c y  as a  means o f  f u l f i l l i n g  t h e  p l ann ing  purposes. Th is ,  however, 
i s  t h e  o n l y  p o i n t  where a  c o n t r a d i c t i o n  between p lann ing  and market 
e q u i l i b r i u m  cou ld  a r i s e .  
Macro Re1 a t  i o n s  
We n e x t  e s t a b l i s h  a  number o f  macro r e l a t i o n s  o f  t h e  model. Observe 
t h a t ,  due t o  a  genera l  f o rmu la  i n  v e c t o r  ana l ys i s ,  
d i v ( p i + i )  = (g rad  ~ i ) + i  + P i  d i v  +i (26 
h o l d  i d e n t i c a l l y  f o r  any s c a l a r  f i e l d  p i  and any v e c t o r  f i e l d  +i. 
From Gauss's d ive rgence  theorem i t now f o l l o w s  t h a t  
The l e f t  hand double i n t e g r a l  i s  taken  on a l l  o f  t h e  reg ion ,  whereas 
t h e  r i g h t  hand l i n e  i n t e g r a l  i s  t aken  along t h e  boundary o f  t h e  r e -  
g ion .  The ( + i ) n  are t h e  components o f  t h e  v e c t o r  f i e l d s  +i no r -  
mal t o  t h e  boundary. Hence, P i  (+ i ) ,  depending on s i g n  have t h e  
s imp le  i n t e r p r e t a t i o n s  o f  va lue  expo r t s  o r  impor ts  across t h e  bounda- 
ry.  The l i n e  i n t e g r a l s  t a k e  ca re  o f  a l l  f l o w s  across t h e  whole bounda- 
r y  and hence t h e  r i g h t  hand s i des  o f  (27)  equal n e t  expo r t s  f r om t h e  
reg ion .  L e t  us t h e r e f o r e  d e f i n e :  
Next we should n o t e  t h a t ,  due t o  ( 21 ) ,  
(g rad  p i  )+ i = ( r ~ i  + w A ~ )  I+i 1 
The r i g h t  hand express ion  i s  t h e  p roduc t  o f  l o c a l  t r a n s p o r t a t i o n  
cos ts ,  as eva lua ted  b y  t h e  i n p u t  requ i rements  and t h e  l o c a l  f a c t o r  
cos t s ,  and t h e  q u a n t i t i e s  o f  commodit ies shipped. Tak ing  t h e  double  
i n t e g r a l  o f  (29 )  we c e r t a i n l y  a r r i v e  'at t h e  t o t a l  t r a n s p o r t a t i o n  
cos t s ,  denoted T i .  Thus 
On t h e  o t h e r  hand (4 ) ,  a long w i t h  t h e  we1 1-known f a c t  t h a t  w i t h  l i n e -  
a r l y  homogeneous p r o d u c t i o n  f u n c t i o n s  a l l  revenues a re  d i s t r i b u t e d  
i 
as f a c t o r  shares, i e, pif = r k i  + w l i  + gmi, y i e l d s  
pi d i v  $ = r k i  + w l i  + gmi - piq i ( 3 1  
Denot ing  i n  aggregate f o r  a  g i v e n  branch, c a p i t a l  incomes by  R i ,  
wages by  W i ,  t h e  p r o f i t s  o f  l a n d l o r d s  by G i ,  and t h e  va lue  o f  con- 
sumpt ion a t  l o c a l  p r i c e s  by  C i ,  we ge t :  
// pi d i v  m i  dxl dx2 = Ri + Wi + G 
- Ci i (32 
Now, i n t e g r a t i n g  b o t h  s i d e s  o f  (26 )  and s u b s t i t u t i n g  f r om  (27 ) - ( 28 ) ,  
(30 )  and (32)  we f i n a l l y  have: 
Xi - Mi = Ti + (Ri + Wi + G.) - Ci 
1 (33 
i e, n e t  va l ue  e x p o r t s  f o r  each branch equa ls  f a c t o r  incomes p l u s  
t r a n s p o r t a t  i o n  c o s t s  minus consumpt i on .  
I f  we now sum ove r  a l l  t h e  v a r i o u s  branches, we can d e f i n e  X - M = 
1 M i  ) T  = T  G = l G i  and C = LCi.  But w i t h  c a p i t a l  and l a b o r  i ' 
income we have t o  remeber t h a t  n o t  a l l  o f  these  i n p u t s  a re  accounted 
f o r  i n  ( 33 ) .  Due t o  ( 5 )  and ( 6 )  some q u a n t i t i e s  a re  used i n  t r a n s p o r -  
t a t i o n .  We have n o t  accounted f o r  t h e  incomes o f  t h e  t r a n s p o r t e r s  
y e t .  Hence, C(Ri  + Wi) = R + W - T. The r e s u l t  i s  then :  
which s imp l y  means t h a t  i n  va lue  terms n e t  expo r t s  equal f a c t o r  
incomes minus consumption. 
I n  a  r e g i o n a l  economy w i t h  zero ba lance o f  payments where i t h o l d s  
t h a t  X = M, so t h a t  ne t  impor ts  of some goods are bought by ne t  ex- 
p o r t s  of o the r  ones, we conc lude t h a t  aggregate f a c t o r  incomes sum up 
t o  t h e  va lue  of aggregate consumption. Th i s  i s  n o t  a  t r i v i a l  conc lu -  
s i on  because bo th  incomes and consumption a re  eva lua ted  a t  l o c a l  
p r i c e s .  
The r e s u l t  e s t a b l  i shes an aggregate budget c o n s t r a i n t  f o r  t h e  economy 
and hence t h e  model i s  c o n s i s t e n t  w i t h  consumer autonomy and l o c a l l y  
f u l f i l l e d  budget c o n s t r a i n t s .  Consistency, however, does n o t  guarantee 
l o c a l  f u l f i l l m e n t  of budget c o n s t r a i n t s  f o r  any s t a t e  we wish t o  con- 
s i d e r .  But i t  e s t a b l i s h e s  t h a t ,  i f  a  s o c i a l l y  d e s i r a b l e  s p a t i a l  orga-  
n i z a t i o n  o f  t h e  r e g i o n  does n o t  lead  t o  l o c a l  f u l f i l l m e n t  o f  budget 
c o n s t r a i n t s ,  we can always des ign an a p p r o p r i a t e  comp le te l y  i n t e r n a l  
income t r a n s f e r  p o l i c y  t h a t  makes budget c o n s t r a i n t s  h o l d  l o c a l l y  and 
admits f r ee  cho i ce  f o r  t h e  consumers. 
Ex amp 1 es 
We now supp ly  two examples o f  s p a t i a l  o r g a n i z a t i o n  p a t t e r n s  p o s s i b l e  
w i t h  t h e  model o u t l i n e d .  
Assume f i r s t  t h a t  t h e  f i x e d  t r a n s p o r t a t i o n  c a p a c i t y  i s  e q u a l l y  d i s t r i -  
buted i n  space so t h a t  a l l  t h e  K i  and A i  are  cons tan ts .  Due t o  t h e  
constancy o f  r and w, we conc lude t h a t  t h e  l o c a l  t r a n s p o r t a t i o n  c o s t s  
O i  = ( r ~ ~  + wAi) as w e l l  a re  i n v a r i a n t s  i n  space. 
= f grad p = f ( X ~ / P , X ~ / P  1 9  where P U ~  a11 +i/ l+ i l  
i = bi + O i l ~ - ~ i l ,  we see t h a t  equa t ion  (21)  i s  f u l f i l l e d .  The f l o w s  
a l l  become r a d i a l  and t h e  cons tan t  p r i c e  con tours  become c o n c e n t r i c  
c i r c l e s .  Th i s  suggests a  p r o d u c t i o n  s p e c i a l i z a t i o n  s t r u c t u r e  i n  con- 
c e n t r i c  r i n g s ,  as i n  t h e  f a m i l i a r  v. Thunen case. The d i f f e rence  i s  
that there is not a single CBD in the centre to which all commodities 
flow. Rather the whole region is supplied by commodities produced in 
each ring. 
The case is illustrated in Figure 1 where we, for illustrative pur- 
poses, show a four-commodity model with acitivit ies cal led: pub1 ic 
services (S), industry (I), housing ( H ) ,  and agriculture ( A ) .  
Figure 1. Ring-shaped spatial organization. 
For the second example, we suppose that fixed transportation capacity 
is not equally distributed in space but rather concentrated to the 
central parts of the region. Suppose that a1 1 the Ki and Xi are 
2 2 proportionate to P, where again P = ~'(x + x 2 )  Thus we can write 1 
local transportation cost as ( r ~ ~ +  wA .) = O.P where again the Oi are 1 1 
constants. 
1 2  2  We can now pu t  a l l  di/1di l  = grad $xl - x 2 )  = (xl,-x2). If we 
2  x2 - x2 )  - i i l  we see t h a t  (21) i s  aga in  f u l f i l l e d .  l e t  pi = pi + o 1 ( i 7  1 
The f l o w  l i n e s  i n t e g r a t e  t o  hyperbo las,  x y  = cons tan t ,  and t h e  con- 
s t a n t  p r i c e  l i n e s  a re  hyperbo las,  (x2 - y2) = cons tan t ,  r o t a t e d  by  
4S0 i n  comparison t o  t h e  paths.  
F i g u r e  2. Sec to ra l  s p a t i a l  o rgan i za t i on .  
These i l l u s t r a t i o n s  a re  i n  p e r f e c t  agreement w i t h  t h e  o p t i m a l i t y  con- 
d i t i o n s  s t a t e d .  They a re  n o t  chosen a t  random, b u t  r e p r e s e n t  s p a t i a l  
o r g a n i z a t i o n  around s i n g u l a r i t i e s  o f  t h e  o n l y  t ypes  admi t ted  under t h e  
assumption o f  s t r u c t u r a l  s t a b i l i t y .  We a re  n o t  go ing  t o  r epea t  t h e  
d i s c u s s i o n  a b o u t ' t h i s  f r om  t h e  p reced ing  chap te r .  The c o n s i d e r a t i o n s  
o f  s t r u c t u r a l  s t a b i l i t y  app l y  t o  t h e  p l a n n i n g  case, as do t h e  cons ide-  
r a t i o n s  i n  t h i s  chap te r  on s p e c i a l i z a t i o n  t o  t h e  e q u i l i b r i u m  case. 
Intermediate Goods 
The preceding analysis does not consider intermediate products. In 
particular, it would be interesting to know whether the specialization 
theorem would still hold even if it implies that an output could be 
shipped to another place to produce something that is re-imported 
rather than produced at the place itself. 
In fact, it still holds, as will be shown now for the case of a Cobb- 
Douglas technology. Put: 
j where fi denotes the quantity of the output j used as input in the 
production of output i. The product in (35) is taken over all indices 
j from 1 to n. Linear homogeneity now means that: 
The optimum conditions corresponding to (8)-(10) obviously are 
and 
We can substitute back from (37)-(40) into (35) and obtain, in view of 
(361, 
Taking l oga r i t hms  we ge t  a  se t  o f  n  l i n e a r  equa t ions  i n  t h e  l o g a r i t h m s  
o f  t h e  ( n  + 3 )  p r i c e s .  Regarding r, w, and g  as g iven ,  we can s o l v e  
f o r  t h e  l o g a r i t h m s  o f  a l l  t h e  p i ,  as t h e  m a t r i x  o f  t h e  system, 
[ E ~ ~  - 6 i j ] ,  where 6 i j  i s  t h e  Kronecker d e l t a ,  i s  non -s i ngu la r .  
Acco rd i ng l y ,  t h e  I n  p i  a re  ob ta i ned  as e x p l i c i t  l i n e a r  express ions  
o f  I n  r, I n  w, and I n  g. A f t e r  t a k i n g  e x p o n e n t i a l s  and s u b s t i t u t i n g ,  
we t r a n s f o r m  (41)  i n t o  t h e  e x p l i c i t  form: 
where t h e  B i ,  as w e l l  as t h e  exponents, a re  cons tan t s  t h a t  can be 
c a l c u l a t e d  f r om t h e  o r i g i n a l  cons tan t s  i n  ( 35 ) .  
Cons ider  now a  p r o p o r t i o n a l  change of r, w, g, and a1 1  t h e  p i .  Then 
o b v i o u s l y  t h e  . s o l u t i o n  t o  ( 37 ) - ( 40 ) ,  whatever i t i s ,  i s  unchanged and 
so (35)  i s  s t i l l  f u l f i l l e d .  T h i s  demonstrates t h a t  (42 )  must h o l d  f o r  
p r o p o r t i o n a t e  changes i n  a l l  p r i c e s ,  i e, t h a t :  
We can hence s u b s t i t u t e  back from (37 ) - ( 39 ) ,  d i s r e g a r d i n g  (40)  
a l t o g e t h e r ,  and o b t a i n :  
due t o  (43) .  Now these  a re  Cobb-Douglas p r o d u c t i o n  f u n c t i o n s  i n  t h e  
p r ima ry  i n p u t s  o n l y ,  and t h e y  a re  l i n e a r l y  homogenous i n  them. 
Acco rd i ng l y ,  as (44)  f u l f  i 11 s  t h e  c o n d i t i o n  (2), t h e  whole r eason ing  
about s p e c i a l i z a t i o n  s t i l l  ho lds .  Th is ,  o f  course, does n o t  p r e c l u d e  
t h a t ,  i f  t h e r e  i s  a  c e r t a i n  h i e r a r c h y ,  so t h a t  goods produced a t  a  
c e r t a i n  s tage  a re  never  used i n  t h e  p r o d u c t i o n  o f  any o f  t h e i r  i n p u t s ,  
t h e n  t h e  f l o w s  shou ld  s i m p l y  t a k e  a  one-way r o u t e  t o  h i g h e r  l e v e l s .  
Wi th  a  more comp l i ca ted  interdependence, however, i t  i s  p o s s i b l e  t h a t  
goods a re  r e - impo r ted  a t  a l a t e r  s tage  o f  r e f i nemen t .  
Loca l  and G loba l  Opt ima 
We shou ld  n o t e  t h a t  t h e  o p t i m a l i t y  c o n d i t i o n s  s t a t e d  so f a r  a re  l o c a l  
i n  c h a r a c t e r .  The d e t e r m i n a t i o n  o f  t h e  g l o b a l  optimum i s  a  m a t t e r  
whose outcome i s  l i k e l y  t o  change w i t h  t h e  boundary c o n d i t i o n s .  
Our s p e c i a l i z a t i o n  theorem s t a t e s  t h a t  i n  eve ry  l o c a t i o n  o f  t h e  r e g i o n  
t h e r e  i s  complete  s p e c i a l i z a t i o n  i n  t h e  p r o d u c t i o n  o f  t r a d e d  goods. 
But,  i f  t h e  u t i l i t y  f u n c t i o n  does n o t  i n c l u d e  t h e  space c o o r d i n a t e s  as 
e x p l i c i t  arguments, i e, i f  a  c e r t a i n  consumption i s  e q u a l l y  va lued  a t  
a l l  l o c a t i o n s ,  then  l o c a l  p r o d u c t i o n  and no t r a d e  i s  a  s o l u t i o n  t h a t  
f u l f i l l s  a l l  l o c a l  o p t i m a l i t y  c o n d i t i o n s .  And, s i n c e  t h e  goods a re  n o t  
t raded ,  t h e  s p e c i a l i z a t i o n  theorem does n o t  exc l ude  t h i s  p o s s i b i l i t y .  
For  c e r t a i n  cases t h e  s o l u t i o n  i s  p r o b a b l y  a  g l o b a l  optimum as t h e  
g i ven  i n p u t  q u a n t i t i e s  a re  most e f f i c i e n t l y  used when no p a r t  o f  them 
i s  "wasted" i n  moving commodit ies around. 
To i l l u s t r a t e ,  we c o u l d  as w e l l  s i m p l i f y  t h e  model. As t r a d e  rather. 
t han  s p e c i a l i z a t i o n  i s  a t  i s s u e  we can d i scuss  a  one-commodity econo- 
my. We can a l s o  p u t  t h e  p r o d u c t i o n  f u n c t i o n  f o r  t h i s  commodity i n  a  
Cobb-Doug1 as form, and assume t h e  u t i  1  i t y  f u n c t i o n  t o  be l o g a r i t h m i c ,  
and w i t h o u t  exp l  i c i t  dependence on t h e  space coo rd i na tes .  F i n a l l y ,  we 
do n o t  s p e c i f y  any p r o d u c t i o n  technology,  b u t  assume i n  t h e  t r a d i -  
t i o n a l  v  'rhiinen way t h a t  t h e  p roduc t  may be used up i n  t r a n s p o r t a -  
t i o n .  We no rma l i ze  t h e  u n i t  o f  d i s t a n c e  so t h a t  t h e  c o s t  o f  moving one 
u n i t  o f  goods one d i s t a n c e  u n i t  uses up e x a c t l y  one u n i t  of them. 
So, we have t h e  f o l l o w i n g  problem: Maximize 
s u b j e c t  t o  
and 
k a l B  - q  - 1 4 )  = d i v  4  
The o p t i m a l i t y  c o n d i t i o n s  a re  then:  
and 
$ / I 4 1  = grad I n  p  (52 ) 
I n  these  c o n d i t i o n s  r and w a re  independent o f  t h e  l o c a t i o n  c o o r d i -  
na tes ,  whereas p  i s  no t .  The c o n d i t i o n s  s t a t e  t h a t :  
( i )  Loca l  m a r g i n a l  u t i l i t y  i s  everywhere equal  t o  o p p o r t u n i t y  
c o s t  f o r  goods i n  t h e  f low. 
( i i )  Product  i o n  i s  everywhere so ar ranged t h a t  ma rg ina l  v a l u e  
p roduc t s  o f  t h e  i n p u t s  equal  t h e i r  l o c a l  o p p o r t u n i t y  cos t s .  
Wi th  cons tan t  r and w, t hese  o p p o r t u n i t y  c o s t s  a r e  equal  i n  
space and t h e r e  i s  no i n c e n t i v e  t o  r e l o c a t e  i n p u t s .  
( i i i )  The f l o w  of t r a d e d  goods i s  i n  t h e  d i r e c t i o n  o f  s t eepes t  
p r i c e  i n c r e a s e  and t h e  r a t e  o f  i n c r e a s e  i n  t h i s  d i r e c t i o n  i s  
e x p o n e n t i a l  as moving one u n i t  o f  goods uses up one u n i t  o f  
i t s  own va lue.  
We see t h a t  ( 4 9 ) - ( 5 1 )  de te rm ine  i n p u t s ,  k  and 1, ou tpu t ,  ka lB,  and 
consumption, q, once r, w, and p  a re  known. As r and w t a k e  cons tan t  
va lues,  determined by t h e  c o n s t r a i n t s  ( 46 ) - ( 47 ) ,  we see t h a t  p  com- 
p l e t e l y  determines t h e  s p a t i a l  d e n s i t i e s .  
So, l e t  us p i c k  any f u n c t i o n  ~ ( ~ 1 ~ x 2 )  such t h a t  ( g r a d  I n  p l  = 1. 
Then (52)  i s  f u l f i l l e d  and 4/14!  = (cos 0, s i n  0 )  i s  a  known u n i t  
v e c t o r  f i e l d .  As d i v  ( = grad ( 4 1  (cos 0, s i n  0 )  + ( ( 1  d i v ( c o s  0, 
s i n  0 ) ,  (48 )  becomes a  p a r t i a l  d i f f e r e n t i a l  equa t i on  i n  t h e  f low 
i n t e n s i t y  1 .  The s o l u t i o n  of t h i s  d i f f e r e n t i a l  equa t ion  so lves  t h e  
whole problem. Hence we have seen t h a t  any p r i c e  s t r u c t u r e  such t h a t :  
ho lds  can rep resen t  a  s e n s i b l e  l o c a l  optimum. We w i l l  now i l l u s t r a t e  
t h e  m a t t e r  by two d i f f e r e n t  s o l u t i o n s .  
2  2  F i r s t ,  p u t  p = J(xl + x2)  and @ / I ( (  = grad p. T h i s  f low o b v i o u s l y  
s a t i s f i e s  (52)  f o r  p  = ep. Assuming now t h a t  a = 0  = r = w = 114 we 
g e t  f rom (49 ) - (51 ) :  ka lB  = p, and q  = l l p .  Thus: k a l B  - q  = 
ep - e-p = 2  s i nh  p. T h i s  r e s u l t  can be s u b s t i t u t e d  i n t o  (48) .  But 
d i v  4  = grad 14 1 grad  p + 4 1  d i v  grad p. Using p o l a r  coo rd ina tes ,  
XI = p cos u and x2 = s i n  U, we e a s i l y  ge t  grad 1 + 1  . grad  p = 
d l $  l /dp.  Moreover, d i v  grad p = 11~. Thus (48)  becomes an o r d i n a r y  
l i n e a r  d i f f e r e n t i a l  equa t ion :  
d l ( \  1 
-+ (1 + ) I  = 2  s i nh  p 
d~  
Given a  s imp le  boundary c o n s t r a i n t  t h e  equa t i on  i s  r e a d i l y  so lved.  The 
s p a t i a l  o r g a n i z a t i o n  assoc ia ted  w i t h  t h i s  s o l u t i o n  i s  one where goods 
f l o w  r a d i a l l y  outward and pr . ice inc reases  a t  an exponen t i a l  r a t e  i n  
t h a t  d i r e c t i o n ,  whereas consumption i s  decreas ing  outwards and produc-  
t i o n  i s  i n c r e a s i n g  outwards. 
As i n  t h e  example chosen, excess supp ly  i s  ze ro  a t  t h e  o r i g i n  and de- 
creases outward, t h e  case i s  imcompat ib le  w i t h  an outward f l ow  un less  
t h e r e  i s  a  s i n g u l a r i t y  w i t h  n e t  o u t f l o w  a t  t h e  o r i g i n .  
Second, we e a s i l y  see t h a t ,  p u t t i n g  k, 1, k a l 0  = q  = l l p  cons tan t ,  
and (4  ( equal t o  zero i d e n t i c a l l y ,  we ge t  a1 1  t h e  equat ions  f u l f i l  l e d  
and so t h i s  case of no t r a d e  and l o c a l  p r o d u c t i o n  i s  another  l o c a l  
optimum. I t  i s  ha rd  t o  t e l l  which o f  t h e  two cases i s  g l o b a l  optimum. 
The reader  m igh t  ask whether t h e r e  are always j u s t  two l o c a l  optimum: 
one w i t h  t r a d e  and one w i t h o u t .  I n  f ac t ,  it i s  easy t o  f i n d  cases w i t h  
more than  two l o c a l  opt ima.  L E ~  us change t h e  model ( 45 ) - ( 48 )  by  
assuming t h a t  t h e  c o s t  o f  movement i s  n o t  t h e  same everywhere i n  t h e  
r e g i o n ,  b u t  t h a t  i t  i nc reases  i n  p r o p o r t i o n  t o  t h e  d i s t a n c e  f r om t h e  
o r i g i n ,  so t h a t  t h e  communicat ions a re  bes t  i n  t h e  c e n t e r  and become 
worse a t  t h e  p e r i p h e r y .  Thus, we suppose t h a t  p I+ 1 u n i t s  o f  t h e  goods 
a re  used up i n  moving one u n i t  of goods one d i s t a n c e  u n i t .  Then (48)  
i s  changed t o :  
- q  - p l + I  = d i v  + 
Only (52)  i n  t h e  o p t i m a l i t y  c o n d i t i o n s  i s  changed b y  t h i s  and t a k e s  
t h e  form: 
I n  accordance w i t h  t h i s ,  (53 )  i s  changed t o :  
We can now e a s i l y  f i n d  a t  l e a s t  t h r e e  d i f f e r e n t  s o l u t i o n s  t o  (55) ,  
2  2 
namely p  = cons tan t  and p  = exp((txltx2)12). The l a t t e r  a re  a c t u a l l y  
f o u r  cases, b u t  d i s c a r d i n g  o n l y  r e v e r s a l s  o f  f l o w  d i r e c t i o n s  we a re  
l e f t  w i t h  two q u a l i t a t i v e l y  d i f f e r e n t  f l ows ,  one r a d i a l  and one sadd le  
f l o w .  It i s  easy t o  see t h a t  t h e  nont rade,  t h e  r a d i a l ,  and t h e  sadd le  
f l o w s  a re  a l l  l o c a l  opt ima.  
Again it i s  hard t o  t e l l  which one i s  a g l o b a l  optimum w i t h o u t  cons id -  
e r i n g  t h e  boundary c o n d i t i o n s .  
T h i s  m u l t i p l i c i t y  o f  l o c a l  opt ima d i d  n o t  occur  i n  our  e q u i l i b r i u m  
model i n  t h e  pre.ceding chap te r ,  as a  p r i c e - f l o w  d i s t r i b u t i o n  on t h e  
boundary was taken  as g i ven  from w o r l d  market c o n d i t i o n s .  To t h e  
e x t e n t  one f i n d s  i t reasonab le  t o  use  an analogous boundary c o n d i t i o n  
i n  t h e  p l a n n i n g  prob lem t h e  a r b i t r a r y n e s s  w i l l  be removed. T h i s  m igh t  
be reasonable ,  as an acceptance of t h e  t r a d e  c o n d i t i o n s ,  de te rmined  b y  
t r a d e  o u t s i d e  t h e  r e g i o n  s t u d i e d ,  m igh t  l ead  t o  a  maximum b e n e f i t  from 
t r a d e  w i t h  t h e  e x t e r i o r .  
Boundary C o n s t r a i n t s  
L e t  us cons ide r  t h i s  from a more formal p o i n t  o f  view. From (55)  we 
see t h a t  
p ta10 - pq = p d i v  4  + p p l 4 l  (58  
But, f rom (56) ,  ~ ~ ( ( 1  = grad  p 4. S u b s t i t u t i n g  t h i s ,  and u s i q g  t h e  
i d e n t i t y  d i v ( p 4 )  = grad  p 4  + p d i v  4, we g e t  
The r i g h t  hand s ide ,  due t o  Gauss's theorem, equals  t h e  cu r ve  i n t e g r a l  
JP(4)n.  This,  however, i s  ze ro  i n  two cases: When (4), van ishes  
i d e n t i c a l l y  on t h e  boundary, and when i t does n o t  vanish,  b u t  t r a d e  
w i t h  t h e  e x t e r i o r  ba lances.  Obvious ly ,  we o n l y  need t o  be concerned 
w i t h  t h e  two cases o f  e i t h e r  i n s u l a t i o n  o r  b a l a n c i n g  i n t e r r e g i o n a l  
t r a d e .  
P u t t i n g  t h e  r i g h t  hand s i d e  of ( 5 9 )  equal  t o  ze ro  y i e l d s  
A c c o r d i n g l y  t h e  aggrega te  v a l u e  of o u t p u t  e q u a l s  t h e  aggrega te  v a l u e  
o f  consumpt ion.  Now, t h e  o p t i m a l i t y  c o n d i t i o n  ( 4 9 )  s t a t e s  t h a t  m a r g i -  
n a l  u t i l i t y  equa ls  p r o d u c t  p r i c e .  W i t h  ou r  l o g a r i t h m i c  u t i l i t y  f u n c -  
t i o n  we have pq = 1 on t h e  who leLPeg ion .  So, t h e  i n t e g r a n d  i n  t h e  
r i g h t  hand s i d e  o f  ( 6 0 )  b e i n g  u n i t a r y ,  we conc lude  t h a t  t h e  i n t e g r a l  
e q u a l s  t h e  a r e a  o f  t h e  r e g i o n .  D e n o t i n g  t h i s  ( t h e  t o t a l  q u a n t i t y  o f  
l a n d )  b y  M, we g e t  
L e t  us n e x t  s u b s t i t u t e  f rom ( 5 0 ) - ( 5 1 )  i n t o  t h e  p r o d u c t i o n  f u n c t i o n ,  
and s o l v e  f o r  
where y = 1-a-0. We see t h a t ,  r and w  b e i n g  s p a t i a l  c o n s t a n t s ,  l o c a l  
o u t p u t  i s  p r o p o r t i o n a t e  t o  a  power f u n c t i o n  o f  t h e  p r i c e  p. We can 
a l s o  s o l v e  f o r  k and 1  f r o m  ( 5 0 ) - ( 5 1 )  and i n t e g r a t e  t o  o b t a i n :  
and 
S u b s t i t u t i n g  f r o m  ( 6 1 )  i n t o  ( 6 3 ) - ( 6 4 )  we g e t  a / r  = K I M  and 6/w = L/M, 
which can be s u b s t i t u t e d  i n t o  ( 6 2 ) .  The r e s u l t  i s  
L o c a l  o u t p u t  t h u s  i s  a  Cobb-Douglas f u n c t i o n  o f  t h e  average a r e a l  
d e n s i t i e s  o f  c a p i t a l  and l a b o u r ,  m u l t i p l i e d  b y  t h e  a fo rement ioned  
power f u n c t i o n  o f  l o c a l  p r i c e .  
The relations derived in this section must hold in any case where 
either there is no trade with the exterior or the exterior trade 
bal ances. 
We note that output kal0 is an increasing function of price. This 
function is given and identical in all cases that may be considered as 
candidates for a global optimum. From (49) we, on the other hand, know 
that consumption q is a decreasing function of price. So, excess 
supply 
certainly is an increasing function of p. Thus, considering two 
different cases, distinguished by subscripts, we conclude that 
must hold at all locations. 
Let us now consider two a1 ternat ive pr ice-f low patterns fu lf i 1 1  ing the 
optimality conditions. Consider the value flows 
It is true that 
as by projecting the vector (j on the direction (i/ l(i( at most 
results in the norm ((j 1 .  So, using the optimal ity condition (56) 
for the flow ( we get from (69) 
I f  we s u b s t i t u t e  f r om  (70 )  i n t o  (68)  we see t h a t  t h e  r i g h t  hand s i d e  
must a t  l e a s t  equal  d i ~ ( ~ ~ @ j ) .  Us ing t h e  n o t a t i o n  z j  f o r  excess 
s u p p l y  from (66)  we t h u s  ge t  
and b y  i n t e g r a t i o n  and use o f  Gauss's theorem 
w i t h  e q u a l i t y  when i = j as seen f rom (66) .  
For  t h e  r i g h t  hand s i d e  o f  (72 )  we conc lude t h a t  it i s  ze ro  i f  i = j, 
as a l r e a d y  seen. Th i s  r e s u l t s  f r om  t h e  t r a d e  ba lance  c o n d i t i o n .  We 
a l s o  conc lude t h a t  i t  i s  ze ro  i f  b o t h  cases cons ide red  a r e  cases w i t h  
t r a d e  across t h e  boundary, as t hen  p i  = P j  are  de te rmined  b y  t h e  
" w o r l d  market"  on t h e  boundary, and t h e  t r a d e  ba lance  c o n d i t i o n  r e -  
q u i r e s  t h e  i n t e g r a l s  and / p j ( @ j ) n  t o  be zero.  The 
same i s  t r u e  when b o t h  cases rep resen t  i n s u l a t i o n ,  as t h e n  (@i)n 
and ( @ j l n  a re  i d e n t i c a l l y  zero.  
The o n l y  s i t u a t i o n  .where t h e  r i g h t  hand s i d e  of (72 )  can be nonzero i s  
when t h e  case i r e p r e s e n t s  i n s u l a t i o n  and t h e  case j r e p r e s e n t s  
b a l a n c i n g  t r ade .  Then we e v a l u a t e  t h e  non-zero f l o w  across t h e  bounda- 
r y  i n  t h e  case o f  t r a d e  p t  t h e  p r i c e s  i n  t h e  case o f  i n s u l a t i o n .  We 
have no reason t o  expect  t h a t  an i n t e g r a l  1  i k e  t h i s  should  be zero .  
But  l e t  us postpone t h e  d i s c u s s i o n  o f  t h i s  case f o r  a  moment and con- 
s i d e r  t h e  s i t u a t i o n  where b o t h  cases rep resen t  i n s u l a t i o n  o r  b a l a n c i n g  
t r a d e .  Then a l l  t h e  r i g h t  hand s i d e s  o f  (72)  a r e  ze ro  however we p e r -  
mute i and j. R e c a l l i n g  t h a t  ( 72 )  h o l d  as e q u a l i t i t e s  when i = j we 
g e t  
The o n l y  way a  n o n - p o s i t i v e  i n t e g r a l  can be ob ta i ned  from a  non- 
n e g a t i v e  i n t e g r a n d  accord ing  t o  (67) ,  i s  b y  hav ing  an i n t e g r a n d  t h a t  
i s  i d e n t i c a l l y  zero,  i e, 
As our  excess supp ly  f u n c t i o n  i s  s t r i c t l y  i n c r e a s i n g  we conc lude  t h a t  
p i  = P j  and Z i  = Z j  must h o l d  i d e n t i c a l l y .  The conc lus i on  
hence i s  t h a t  any two s o l u t i o n s ,  where t h e  optimum c o n d i t i o n s  a re  
f u l f i l l e d ,  a long w i t h  t h e  boundary c o n d i t i o n ,  s t a t i n g  e i t h e r  t h a t  
t h e r e  i s  no t r a d e  w i t h  t h e  e x t e r i o r  o r  t h a t  t r a d e  balances, a re  iden-  
t i c a l .  So, t h e  s o l u t i o n  i s  un ique.  More s p e c i f i c a l l y ,  t h e r e  i s  a  
un ique  s o l u t i o n  w i t h  t r a d e  and a  un ique  s o l u t i o n  w i t h  i n s u l a t i o n .  
L e t  us r e t u r n  t o  t h e  case where one case, say i, r e p r e s e n t s  i n s u l a t i o n  
and t h e  o the r ,  j, r e p r e s e n t s  t r a d e .  Then one o f  t h e  r i g h t  hand s i d e  
i n t e g r a l s  o f  (72 )  need n o t  be zero  and a c c o r d i n g l y  t h e  ze ro  i n  (68) i s  
r ep l aced  by  t h e  exp ress i on  
Should t h i s  cu rve  i n t e g r a l  be s t r i c t l y  nega t i ve ,  t h e n  we a re  i n  
t r o u b l e ,  as (73)  does n o t  ho ld ,  and t h e  d i s c u s s i o n  l e a d i n g  t o  un ique-  
ness would no l onge r  be v a l i d .  
How l i k e l y  i s  i t  t h a t  t h e  cu r ve  i n t e g r a l  i n  ( 75 )  i s  n e g a t i v e ?  Nega t i -  
v i t y  o b v i o u s l y  means t h a t  i n s u l a t i o n  p r i c e s  p i  a re  lower  t han  w o r l d  
market  p r i c e s  p j  where t h e  f l ow  ( j  l eaves  t h e  r e g i o n ,  and h i g h e r  
where i t  en te r s .  .The w o r l d  market p r i c e s ,  on t h e  o t h e r  hand, a re  low 
where t h e  f l o w  e n t e r s  and h i g h  where it leaves t h e  r e g i o n .  Th i s  i s  so 
as t h e  f l o w  o f  t r a d e  a d j u s t s  t o  t h e  d i r e c t i o n  o f  i n c r e a s i n g  p r i c e s .  We 
conc lude t h a t  s p a t i a l  p r i c e  d i f f e r e n c e s  i n  t h e  case o f  i n s u l a t i o n  must 
be sma l l e r  than  t h e  d i f f e r e n c e s  i n  w o r l d  market p r i c e s .  
But,  t h e  p r i c e  d i f f e r e n c e s  i n  t h e  case o f  i n s u l a t i o n  a re  ob ta i ned  as 
accumulated t r a n s p o r t a t i o n  cos t s .  As t hus  w o r l d  market p r i c e  d i f f e r -  
ences, between v a r i o u s  p o i n t s  on t h e  boundary, a re  g r e a t e r  than  t h e  
c o s t s  o f  t r a n s p o r t a t i o n  between them, ' t h e r e  seems t o  be a  p r o f i t  t o  be 
ob ta i ned  f rom a r b i t r a g e  across t h e  r e g i o n .  T h i s  p r o f i t  can be c o n v e r t -  
ed i n t o  an inc reased  consumption i n  t h e  r e g i o n .  
So, i t  seems t h a t  t h e  p l a n n i n g  a u t h o r i t i e s  should  open up t r a d e  w i t h  
t h e  e x t e r i o r  when boundary p r i c e  d i f f e r e n c e s  exceed t r a n s p o r t a t i o n  
cos t s .  As t h i s  case was t h e  o n l y  one l e a d i n g  t o  t r o u b l e  w i t h  t h e  
uniqueness p roo f ,  we conc lude t h a t  i t ho lds  when t h e  p l a n n i n g  a u t h o r i -  
t y  t akes  due c o n s i d e r a t i o n  o f  t r a d e  o p p o r t u n i t i e s  w i t h  t h e  e x t e r i o r  t o  
t h e  b e n e f i t  o f  i n t e r i o r  consumption. 
R e l o c a t i o n  Costs  f o r  C a p i t a l  and Labour 
L e t  us now r e t u r n  t o  t h e  prob lem of p l a n n i n g  t h e  use o f  c a p i t a l  and 
l abou r  i n  a  reg ion ,  b u t  r e l a x  t h e  assumption t h a t  r e l o c a t i o n s  o f  c a p i -  
t a l  and l abou r  a re  c o s t l e s s .  We s t i l l  have i n i t i a l l y  g i v e n  q u a n t i t i e s  
of c a p i t a l  and l abou r .  Now t h e r e  a re  n o t  o n l y  aggregates, b u t  s p a t i a l  
d i s t r i b u t i o n s  o f  t hese  aggregates g iven .  From these  i n i t i a l  d i s t r i b u -  
t i o n s  t h e  f u t u r e  d i s t r i b u t i o n  can d i f f e r  i n  two ways. F i r s t ,  c a p i t a l  
wears o u t  and i f  i t i s  n o t  comp le te l y  r e p l a c e d  by  new equipment t h e  
s tock  o f  c a p i t a l  w i l l  change, whereas labour  s tock  n o r m a l l y  changes 
w i t h  t h e  n e t  r e p r o d u c t i o n  r a t e .  Second, labour  and c a p i t a l  can a c t u a l -  
l y  be t r a n s f e r r e d  i n  space by  t h e  a p p l i c a t i o n  o f  t r a n s p o r t a t i o n  
se r v i ces .  
We have t o  make t h e  assumptions more p r e c i s e .  Suppose we cons ide r  o n l y  
one commodity produced, and t h a t  t h i s  commodity can be used as con- 
sumers' goods o r  e q u a l l y  w e l l  be i n v e s t e d  as c a p i t a l  s tock .  
C a p i t a l  s tock  wears ou t  e x p o n e n t i a l l y  a t  a  g i v e n  d e p r e c i a t i o n  r a t e .  
Accord ing ly ,  l o c a l  p roduc t i on ,  minus l o c a l  consumption, minus l o c a l  
c a p i t a l  d e p r e c i a t i o n ,  minus.  l o c a l  ne t  c a p i t a l  accumulat ion i s  t h e  
q u a n t i t y  en te red  i n t o  t h e  f l ow  o f  c a p i t a l  goods, o r ,  i f  nega t i ve ,  
withdrawn from it. As we focus the interest on capital flows and accu- 
mulation, we disregard flows of consumers' goods. If we wished to in- 
clude them there would be no difficulty in doing so as the model does 
not distinguish between consumers' gobds and capital goods. 
Labour stock accumulates with a given net reproduction rate, and the 
quantity entered into the flow of labour, or, if negative, withdrawn 
from it is local labour reproduction, minus local accumulation of 
labour. Again, we disregard short-run phenomena like commuting, and 
focus interest on migration and 1 abour accumul ation. 
Production is thus determined by the local labour and capital stocks, 
per unit land area, or rather, what remains of them after the fixed 
coefficient transportation technology has withdrawn what is needed for 
the transportat ion of capital goods and migrants. 
The goal function is now a utility index dependent on local 
consumption, aggregated on both space and time. 
Accordingly, we maximize 
By introducing the space and time coordinates as arguments in the. 
uitility function we can account for temporal and spatial 
discounting. Of course, q denotes consumption. The rate of consumption 
as well as the utility index is a continuous and differentiable 
function of the space and time coordinates. 
The production technology is again represented by a neo-classical 
production function: 
where k is capital stock used in production of goods and 1 is labour 
stock used for the same purpose. 
Transport at ion services are again produced by a Leont i ef technology of 
fixed coefficients. We suppose that each unit of flow uses up K. units 
of capital and X units of labour. To simplify notation we normalize 
the units of measurement of capital and labour so that transportation 
costs for one unit are the same for both flows. 
Denoting the flow of capital by 4 and the flow of labour by $, we know 
that K )  units of capital and X(l((+1$1) units of labour are 
withdrawn from the local stocks for production of transportation 
services. What remains is used in production of goods (for consumption 
and investment). Thus, denoting the local stocks of capital and labour 
by K and L respectively, we have: 
and 
Suppose capital wears out in proportion to the accumulated stock at 
the rate a. We then deal with a need of replacement that is aK. 
Denoting net capital accumulation by I?, where the dot represents a 
derivative with respect to time, we see that the quantity aK + k is 
withdrawn for investments. As the quantity q is withdrawn for 
consumption the difference f (k ,1) - q - aK - k is added to the flow at 
each location, or, if negative, withdrawn from it. Accordingly, 
div ( = f(k,l) - q - aK - I? (80 
For labour the stock increases with the net reproduction rate, denoted 
6. Thus, the local increase of labour due to reproduction is BL, 
whereas the local accumulation of labour is denoted t. The difference 
enters the migration flow or, if negative, is withdrawn from it. 
Formal ly: 
div 9 = B L  - i 
The o p t i m i z a t i o n  i s  now a  w e l l  de f i ned  problem. We seek t h e  maximum o f  
(76)  s u b j e c t  t o  t h e  c o n s t r a i n t s  ( 78 ) - (81 ) .  As a  p r e l i m i n a r y  s tep  we 
s u b s t i t u t e  f o r  k  and 1  f rom (78 ) - (79 )  i n t o  (80) .  I n  t h i s  way we d i s -  
pose o f  two c o n s t r a i n t s  and o f  t h e  two s u b s t i t u t e d  v a r i a b l e s .  Only t h e  
c o n s t r a i n t s  ( 80 ) - (81 )  remain ( w i t h  t h e  s u b s t i t u t i o n s  be ing  made). We 
have t o  choose consumption, q, c a p i t a l  s tock,  K, l abour  s tock ,  L, and 
t h e  f l o w s  o f  c a p i t a l  and mig ran ts ,  + and $I r e s p e c t i v e l y .  What we seek 
are op t ima l  f u n c t i o n  forms d e f i n e d  on space and t ime.  So, we deal  w i t h  
a  v a r i a t i o n a l  problem whose s o l u t i o n  i s  ob ta i ned  i n  terms o f  Eu le r  
equat ions.  We assoc ia te  Lagrangean m u l t i p l i e r s ,  p  and w  w i t h  ( 80 )  and 
(81)  r e s p e c t i v e l y .  It i s  t o  be noted t h a t  t h e  Lagrangean m u l t i p l i e r s  
a re  n o t  cons tan ts ,  b u t  change over  space and t ime,  due t o  t h e  f a c t  
t h a t  t h e  c o n s t r a i n t s  a re  i n  l o c a l ,  n o t  aggregate, form. 
We can now s t a t e  t h e  E u l e r  equa t ions  f o r  o p t i m a l i t y .  For consumption 
we o b t a i n :  
For p roduc t i on  we o b t a i n  t h e  two c o n d i t i o n s :  
and 
For t r a n s p o r t a t  i o n  we o b t a i n :  
and 
= grad w P ( ~ ~ ~  + A f  ) 
These c o n d i t i o n s  a re  ob ta i ned  as s o l u t i o n s  t o  a  p l a n n i n g  problem. But, 
again,  i t i s  n o t  t o o  hard  t o  f i n d  i n t e r p r e t a t i o n s  o f  t h e  c o n d i t i o n s  i n  
terms o f  market  e q u i l i b r i u m .  We n o t e  t h a t  t h e  l e f t  hand s i des  o f  
( 83 ) - ( 84 )  a re  ma rg ina l  va l ue  p r o d u c t i v i t i e s  o f  c a p i t a l  and labour .  
Hence, we expect  t h e  r i g h t  hand s i des  t o  be i n p u t  cos t s .  Due t o  t h e  
f a c t  t h a t  t h e  goods produced a re  a l s o  c a p i t a l  goods, p  i s  r e l a t e d  t o  
t h e  p r i c e  o f  c a p i t a l  s tock  as w e l l .  Compared t o  t h e  s t a t i c  optimum 
c o n d i t i o n s ,  we m igh t  be s u r p r i s e d  t o  f i n d ,  n o t  t h e  i n p u t  p r i c e s ,  b u t  
t h e i r  t i m e  d e r i v a t i v e s  (and t h e  reve rsed  s i g n s ) .  
However, i f  we assume t h a t  t h e  f i r m s  a re  n o t  max im iz ing  t h e i r  rnomenta- 
r y  p r o f i t s ,  b u t  t h e i r  accumulated p r o f i t s  on a  t i m e  i n t e r v a l ,  t hen  i t  
i s  obv ious  t h a t  a  decrease o f  i n p u t  p r i c e s  i n  t h e  f u t u r e  shou ld  be an 
i n c e n t i v e  t o  postpone accumulat ion of c a p i t a l  s tock,  and so t h e  nega- 
t i v e  o f  t h e  t i m e  d e r i v a t i v e  o f  p r i c e  i s  a  reasonab le  measure o f  tempo- 
r a r y  i n p u t  c o s t .  L i kew ise ,  t h e  d e p r e c i a t i o n  and t h e  consequent need o f  
rep lacement  o f  c a p i t a l  i s  an obv ious  c o s t  i tem.  
As f o r  labour  t h e  n e t  r e p r o d u c t i o n  p l a y s  t h e  same r o l e  as d e p r e c i a t i o n  
of c a p i t a l ,  b u t  t h e  s i g n  i s  reversed .  'This may seem a  b i t  odd a t  
f i r s t .  But, a  n a t u r a l  i n c rease  o f  t h e  l o c a l  s tock  o f  l abour  makes i t 
p o s s i b l e  t o  avo id  wage r a i s e s  i n  t h e  f u t u r e  t o  a t t r a c t  more immi- 
g r a n t s .  
To some e x t e n t  t h e  f i r m  i s  p r o t e c t e d  by  t r a n s p o r t a t i o n  c o s t s  f r om  t h e  
sur round ing  compe t i t o r s .  A  l o c a l  s u r p l u s  o f  l abou r  may be assumed t o  
em ig ra te  o n l y  i f  t h e  wage d i f f e r e n c e  i s  g r e a t e r  t han  t h e  t r a n s p o r t a -  
t i o n  c o s t .  L i kew ise ,  i n  o rde r  t o  a t t r a c t  immigrants  t h e  l o c a l  wage 
r a t e  ought  t o  be h i g h e r  t han  i n  t h e  su r round ings ,  t h e  d i f f e r e n c e  again  
be ing  g r e a t e r  t han  t r a n s p o r t a t i o n  cos t s .  
So, i n  terms o f  dynamic optimum, t h e  c o n d i t i o n s  ( 83 ) - (84 )  a re  n o t  
w i t h o u t  sense i n  a  market economy s e t t i n g .  These c o n d i t i o n s  come 
p r e t t y  c l o s e  t o  those  found i n  t h e  r e c e n t  t h e o r y  o f  "micro-economic 
f ounda t i ons  o f  macro-economics", where t h e  f i r m s  a re  supposed t o  p l a n  
t h e i r  s tocks  o f  i n p u t s  by  des ign ing  an a p p r o p r i a t e  dynamic p r i c e  
p o l  i c y .  
The c o n d i t i o n s  ( 8 5 ) - ( 8 6 )  a r e  even more easy t o  i n t e r p r e t  i n  market  
e q u i l i b r i u m  te rms .  Each u n i t  o f  f l o w  uses up K u n i t s  o f  c a p i t a l  and X 
u n i t s  o f  l a b o u r .  By t h e  m a r g i n a l  p r o d u c t i v i t i e s  we know t h e  s a c r i f i c e  
i n  te rms  o f  goods n o t  produced due t o  ' t h i s  w i t h d r a w a l  o f  i n p u t s .  The 
o p p o r t u n i t y  c o s t  i n  te rms  o f  commodit ies i s  ( ~ f k + X f l ) .  If we 
m u l t i p l y  b y  commodity p r i c e  p  we o b t a i n  t h e  monetary  o p p o r t u n i t y  c o s t  
p ( ~ f k + X f l ) .  T h i s  n a t u r a l l y  i s  t h e  l o c a l  c o s t  o f  t r a n s p o r t a t i o n ,  
and so i t  i s  n a t u r a l  t o  f i n d  i t  i n  t h e  l e f t  hand s i d e s  o f  ( 8 5 ) - ( 8 6 ) .  
A c c o r d i n g l y  t h e s e  c o n d i t i o n s  aga in  t e l l  t h e  f a m i l i a r  s t o r y  t h a t  f l o w s  
t a k e  t h e  d i r e c t i o n  o f  s t e e p e s t  p r i c e  i n c r e a s e ,  and t h a t  t h e  p r i c e  
i n c r e a s e s  i n  t h e s e  d i r e c t  i o n s  equa l  t r a n s p o r t a t  i o n  c o s t s .  Thus ( 8 5 ) -  
( 8 6 )  a r e  c o n d i t i o n s  o f  e f f i c i e n t  t r a d e  and s p a t i a l  e q u i l i b r i u m .  
We n o t i c e  t h a t  we can t a k e  squares o f  b o t h  s i d e s  of t h e  v e c t o r  equa- 
t i o n s  ( 8 5 ) - ( 8 6 )  and equate.  Then t h e  u n i t  f l o w  f i e l d s  m u l t i p l y  up t o  
u n i t  s c a l a r s  and we o b t a i n  t h e  e q u a t i o n s :  
2  p2 (K fk  + ~ f ~ ) ~  = ( g r a d  p12 = ( g r a d  w) 
Next ,  we see t h a t  we can s u b s t i t u t e  f o r  t h e  m a r g i n a l  p r o d u c t i v i t i e s  
from ( 8 3 ) - ( 8 4 ) ,  so t h a t  (87 )  becomes: 
( a r p  - BXw - r i  - = ( g r a d  p ) 2  = ( g r a d  w) 2  
T h i s  i s  a  p a i r  o f  d i f f e r e n t i a l  e q u a t i o n s  i n  t h e  p r i c e  o f  commodi t ies  
and t h e  wage r a t e .  S o l v i n g  i t we know t h e  development o f  p r i c e  and 
wage i n  space and o v e r  t i m e .  
By s u b s t i t u t i n g  t h e  s o l u t i o n s  f o r  p r i c e  and wage i n t o  t h e  r i g h t  hand 
s i d e s  o f  ( 8 3 ) - ( 8 4 )  we can t h e n  s o l v e  f o r  c a p i t a l ,  k, and l a b o u r ,  1, 
used i n  p r o d u c t i o n .  Next ,  ( 7 7 )  g i v e s  t h e  r e s u l t i n g  o u t p u t .  
But ,  knowing c a p i t a l  and l a b o u r  s t o c k s  used i n  p r o d u c t i o n .  we see t h a t  
t o t a l  c a p i t a l  and l a b o u r  s t o c k s ,  K and L, o n l y  depend on f l o w  
volumes. A c c o r d i n g l y ,  t h e  r i g h t  hand s i d e s  o f  ( 8 0 ) - ( 8 1 )  o n l y  depend on 
f l o w  volumes. 
On t h e  o t h e r  hand, t h e  d i r e c t i o n s  o f  t h e  f l o w s  a re  g r a d i e n t  t o  p r i c e  
and wage, as we l e a r n  f r o m  ( 8 5 ) - ( 8 6 ) .  Knowing p  and w  we a l s o  know t h e  
u n i t  f l o w  f i e l d s  $ / ( $ (  and . But,  we know t h a t  d i v  $ = grad  I $  ( 0  
( / I 0 1  + ( $ 1  d i v  ( ( / I ( ( )  and l i k e w i s e  - f o r  I. Thus, t h e  l e f t  hand s i d e s  
o f  ( 8 0 ) - ( 8 1 )  t o o  depend on f l o w  volumes and t h e i r  g r a d i e n t s  o n l y .  T h i s  
means t h a t  ( 8 0 ) - ( 8 1 )  s u p p l y  us w i t h  ano the r  p a i r  of  p a r t i a l  d i f f e r e n -  
t i a l  e q u a t i o n s .  S o l v i n g  them f o r  f l o w  volumes we know a l l  t h e  v a r i -  
a b l e s  of t h e  model .  
Thus, t h e  d i f f e r e n t i a l  e q u a t i o n s  ( 8 8 )  c o n t a i n  t h e  i n i t i a l  i n f o r m a t i o n  
f r o m  wh ich  we can c a l c u l a t e  e v e r y t h i n g  e l s e .  As soon as we know p r i c e  
and wage r a t e s  we know t h e  e s s e n t i a l  f a c t s  o f  s t r u c t u r e  i n  te rms  o f  
t h e  f l o w  l i n e s  and t h e  c o r r e s p o n d i n g  p o t e n t i a l s ,  i n c l u d i n g  t h e i r  
development over '  t i m e .  T h i s  means t h a t  t h e  s o l u t i o n  t o  (88 )  i s  
e x t r e m e l y  i n t e r e s t i n g  i n  t h e  c o n t e x t  of t h e  p r e s e n t  model. 
I n  f a c t ,  t h e s e  e q u a t i o n s  a r e  easy t o  d i s c u s s  i f  we i n t r o d u c e  an a r t i -  
f i c e  t o  s e p a r a t e  s p a t i a l  and tempora l  aspec ts  of p r i ce -wage  changes. 
- L e t  us d e f i n e  a  new s c a l e  f o r  t i m e  and space by  p u t t i n g  t = 6 r ,  x i  - 
€ 6 1  and x2 = €62. We n o t e  t h a t  t h i s  c o o r d i n a t e  change does n o t  
d i s t o r t  space, i t o n l y  i n t r o d u c e s  a  l i n e a r  change of s c a l e .  By l e t t i n g  
E approach ze ro  we m a g n i f y  t h e  s c a l e  so t h a t  we a r e  i n  t h e  l i m i t  d e a l -  
i n g  w i t h  a  p o i n t  o n l y .  L i k e w i s e ,  b y  l e t t i n g  6  approach ze ro  we m a g n i f y  
t h e  t i m e  s c a l e  so t h a t  i n  t h e  1  i m i t  we a r e  o n l y  d e a l i n g  w i t h  c o n d i -  
t i o n s  a t  a  c e r t a i n  moment of t i m e .  
L e t  us now change t h e  system ( 8 8 )  so t h a t  we l e t  t h e  t i m e  d e r i v a t i v e s  
be t a k e n  i n  t h e  T c o o r d i n a t e ,  whereas t h e  g r a d i e n t s  a re  t a k e n  i n  t h e  
51,52 c o o r d i n a t e s .  As a  r e s u l t  o f  t h i s :  
I f  we now l e t  E + 0, 6  = 1, t h e n  
whereas if we l e t  6 +0, E = 1, we g e t :  
2 ( g r a d  p ) 2  = ( g r a d  w) = ( o r p  - BAW) 2  
Equa t ion  (90 )  i s  a  p a i r  of dependent l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  i n  
p  and w. It i s  v e r y  easy t o  s ~ l v e  as we deal  w i t h  o r d i n a r y  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s  w i t h  c o n s t a n t  c o e f f i c i e n t s .  The o n l y  f a c t  we 
need n o t i c e  i s  t h a t  we can choose one of t h e  f u n c t i o n s  a r b i t r a r i l y  as 
f a r  as ( 9 0 )  i s  concerned. 
L i k e w i s e ,  e q u a t i o n s  ( 9 1 )  a r e  easy t o  d e a l  w i t h  i n  terms o f  t h e  q u a l i -  
t a t i v e  f e a t u r e s  o f  two-d imens iona l  f l ows .  T h i s  e q u a t i o n  s e p a r a t e s  t h e  
s p a t i a l  aspect  so t h a t  we can s t u d y  f l o w  p a t t e r n s  as we do i n  t h e  
s t a t i o n a r y  cases. L i k e w i s e ,  t h e  fo rmer  e q u a t i o n s  s e p a r a t e  t h e  tempora l  
aspects ,  so t h a t  we can s t u d y  t h e  p r i ce -wage  dynamics i n  a  p o i n t  eco- 
nomy w i t h o u t  s p a t i a l  e x t e n s i o n  as i n  t r a d i t i o n a l  economic t h e o r y .  
